Teaching Multiplication and Division of Fractions and Decimals

It is more efficient to teach these operations on fractions first, so that students can call
on their understanding of those concepts to make sense of decimals.

Multiplication of Fractions
Beginning with multiplication of fractions:
Connection: Multiplication means “Groups of”

So 4 X 2 means four groups of 2. Have students draw this and they will realize it equals
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Student should understand that multiplication is “commutative”. That means that if we
multiply two factors we can multiply them in any order and get the same product. (if
kids don’t know this, review it: 3 x4 =12 and 4 x 3 = 12. Draw pictures of 3 groups of 4
and four groups of 3.

So the expression 4 x 2 from above can also be 2 x 4

In this case, we say “One half of a group of four” or, more simply, “one half of four”.
Most kids know that half of four is two (same answer as above).

Big Connection: Multiplication means groups of.

When reading mathematical expressions with fractions, decimals, and percents, we
often take the “X" multiplication symbol to mean “of".

One third of 12 is three.
1/3x12=3



Now, draw students’ attention to the fact that when we multiply by fractions (smaller
than one, such as 2 or 1/3 like our examples above), our product is smaller. This is
important.

Above, when we multiplied 4 by 2 our answer is smaller than 4.

Up until this point, students have seen whole number multiplication, so they are used to
multiplication making numbers bigger.

4x5=20,6x8=48 and so on.

% There are some fun ways to do this, like using a “commit and toss”, or “vote with
your feet” activity.

o~ \/’w Pose the statement: “When | multiply two numbers, my product is always bigger
é or equal to my factors”. Up until now, this has been true for kids. Some might
% conjecture about multiplication by zero or one. You can do this activity before
the lesson, and redo it the next day to see if anyone changes their mind.

Ask students, “What is half of one quarter”. Some will guess one eighth.
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Kids should know that 1/8 is smaller than 2 and smaller than 4
So bigidea: If I multiply fractions, | actually make the product smaller.
You may have to qualify that this is frue for fractions < 1 (fractions smaller than one
10
whole) because 3 is a fraction, but multiplying by this will make your product greater,
of course.



Here we can teach multiplying fractions symbolically
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Look how easy it is to multiply by fractions!
Now lets use the symbolic algorithm
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Here we are using
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Be sure to give kids a representation to make sense of this. Draw a set of 12, circle thirds.
Find two of those thirds, so that's eight.
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Multiplying 12 by 2/3 mentally is dividing 12 by 3, then doubling it.
When we do the olgorl’rhm we are doubling first, then dividing by three. Same thing!
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Once we've had some practice, lets make sure we get kids to “cross cancel”.
Cross out common factors before we multiply. **This is not cross mulfiplying—some

students will want to call it that. It is NOT. ) Another mx{ﬁ\
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Kids should practice cross canceling. There are few to no examples of this in the text
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Fraction Division

First: It is important to note that there are two kinds of division:

Partitive Division: Means equal sharing, or splitting a group of items info a known number
of smaller groups
For example: 4 students share a box of 20 pencil crayons
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Quotative division Is when we know the number of objects in each group, and we want

to know how many groups we can make:
Ex: We have 20 pg_%:ll crozo sin a box. Each student needs 5. How many students can
share one box2 /
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1
So: 8 =+ o= is asking: “How many groups of half are in 8¢”

You may want to start with 8 + 4 =
How many groups of 4 are in 82 Kids will know it's two. Draw it for them:
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Now 8 +2 = “How many groups of 2 are in 82"
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Do not teach students to just
“multiply by the reciprocal” or
“invert and multiply” before
explaining why.




Fraction divided by a fraction:

Ex: = is asking “how many sixths are in one half”?
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You can clearly see in this model, there are three sixths

) 1 1
inone half. —+-=23
2 6

There are six sixths in the whole, and we are taking half of them.
1

—X6

2

Do not teach students to just
“multiply by the reciprocal” or
“invert and multiply” before
explaining why.

Oh. Multiply by reciprocal.

An example with a remainder: (Note that this is a more advanced model)
2

1
1 2 =+ 3= This is asking “how many “two thirds” are in “one and a half"e

Here is one and a half, or three halves (review mixed
and improper fractions

Q C Here is two thirds

If | partition everything into sixths, | can visualize both halves and thirds (this is why we

need common denominators!)
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There are a lot of fundamental connections to make herel

Again, kids are used to division making a number smaller (we would say the quotient is
smaller than the dividend)

40+-8=5 and 20+10=2
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But suddenly, when we divide by fractions (less than 1) our quotient gets bigger |
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Now students have learned that if we multiply by a fraction less than one, our answer
gets smaller. This is the first time they have seen that. We can use observation of
patterns to verify
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that kids can hold on to that reasoning and apply it to decimals. We
can say “When | multiply by a tiny number | make my answer
smaller”
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If we divide by a fraction less than one, our answer gets bigger. This is the first fime they
have seen that. We can use observation of patterns to verify
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Multiplication of Decimals

1. Review everything kids have been taught about decimals. Decimals are another way
to write fractions with denominators of 10, 100, 1000 and so on. We think they know this,
and they will say 4.15 as “Four and one tenth and 5 hundredths” or “four and 15
hundredths”, but they might not necessarily be able to visualize it. Be sure to draw it!

As with fractions, it is important to let kids know our “whole” can change
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2. Be sure students can order decimals, and understand which are larger.

0.6 is larger than 0.06

Kids get confused about decimals like 2.289 and 2.5 and will sometimes call the first one
larger, just because they see more numbers. Be sure to clear this up.
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3. We begin multiplying decimals concretely.
Ex: 4x1.2

Students can clearly see this is 4.8

H Here is where we teach to use reasoning to place the
decimal in the answer. Students should understand that 4 x 1.2 is close to 4 x 1 so our
answer is not 0.48 or 48, but 4.8



Ex. 5x0.01 Thisis 5 groups of L

100

5x0.01 =0.05

Symbolically: When | multiply 5 by a tiny number, | make it smaller.
0.05 is smaller than 5.

The decimal moved left
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If we write the factors the other way around, 0.01 x 5, we can think of “one one-
hundredth of 5". Using similar models

There are 500 unit squares here in 5 wholes. If | take one one-hundredth of them, that is
5 unit squares ‘

Again, 5 out of 100 or 0.05




Using area models to multiply two decimal numbers is less straight forward:

Ex: 0.8x0.5

You can find several variations on using area model representation for this, such as
paper folding, or overlapping shading. | like to keep relating this to taking “part of
something” like fraction multiplication. We are saying 8 tenths of 5 tenths.

Here's how we represent it.
Here are five tenths, or 0.5

Show “five tenths”
NNANANNA

V v
Now I\one to take eight tenths of the shaded region. Eight tenths of 5 tenths, written

0.8x0.5
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Now practice decimal multiplication, always taking time here and there to draw the
models to reinforce the symbolic calculations.

Math Makes Sense texts also show a number line model.
Mental Math and Reasoning:

Ex: 2.5 x 6=
Using reasoning: 2.5 x 6 means we want 2 and a half “sixes”. Well 2 sixes is 12, and
another half of sixis 3, 12+ 3 =15

Ex: 0.6 x15=

0.6 x 15 means we want six tenths of 15. One tenth of 15is 1.5, and we need six of
those, so 6 x 1.5 is one and a half sixes. One six is six, and another half is three, so 6 + 3 =
9. (*Notice when we multiplied 15 by a decimal smaller than one, we made is smaller.
9 is smaller than 15)

Another way:

0.6is 0.5 plus O.1.

So we can take half a number, then a tenth of a number, and add them together
0.6x15=

Take 0.5 of 15 (half of 15) whichis 7.5

Take 0.1 of 15 (one tenth of 15) which is 1.5

7.5+1.5is9

This is very handy for sales tax at 6 % or .06, and also converting miles to km. One km =
0.6 miles. So in the above example, 15 km = 9 miles.



2. Dividing decimals:
Ex: 48 -1.2=
This is asking “how many “one point twos” are in four point 82

Lets draw 4.8
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see we can easily find four groups of 1.2

48 +1.2=4
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Once or twice it's good to show kids all the ways of conceptualizing this, to make as
many connections as possible.

If we have aremainder: Ex: 3.6 +1.4=
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Using a number line model—lots of example in MMS



3. Moving the decimal point. Often students just want “rules” or “tricks” to remember.
This is not teaching conceptually and provides no understanding, plus these “rules” will
fail them. For instance, I've had students tell me “when we divide decimals, we move
the decimal place left". This is only sometimes true!

Kids need to remember:

(I would put these statements on the board and have students agree on what goes in
the blanks)

When | multiply by a number greater than 1(a big number), my answer gets

When | multiply by a number less than 1 (a tiny number), my answer gets

When | divide by a number greater than 1 (a big number), my answer gets

When | divide by a number smaller than 1 (a finy number), my answer gets

This is not using “rules”, it's using understanding and reasoning. All through the previous

work , point these relationships out to kids so they can use this reasoning when it comes
to multiplying and dividing by factors of 10

From MMS 7

Multiply. Describe any patterns you see. . Divide. Describe any patterns you see.

a) 8.36 <10 b) 8.36 X 0.1 a) 1245 = 10 b) 1245 < 0.1
8.36 > 100 8.36 001 1245 + 100 1245 = 001
8.36 > 1000 8.36 > 0.001 124.5 + 1000 124.5 + 0.001
836 210000 836 % 0.0001 124510000 1245 + 0.0001

| would put up mixed practice

6.2x 100 =
45.98 x 0.001 =
452 +1 000 =
934.522 +0.01 =

etc



